A straight-forward extension of the Jackson-Hunt theory for directionally solidifying multi-phase growth where the number of components exceeds the number of solid phases becomes difficult on account of the absence of the required number of equations to determine the boundary layer compositions ahead of the interface. In this paper, we therefore revisit the Jackson-Hunt(JH) type calculations for any given situation of multi-phase growth in a multi-component system and self-consistently derive the variations of the compositions of the solid phases as well as their volume fractions, which grow such that the composite solid-liquid interface is isothermal. This allows us to unify the (JH) calculation schemes for both in-variant as well as multi-variant eutectic reactions. The derived analytical expressions are then utilized to study the effect of dissimilar solute diffusivities and interfacial energies on the undercoolings and the solidified fractions.
Introduction
Eutectic solidification in a generic multi-component alloy, where two or more solids exhibit coupled growth, can be associated with degrees of freedom greater than or equal to zero. Experimentally, invariant (zero degrees of freedom) eutectic reactions have been observed in [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] Our theoretical understanding of invariant eutectic reactions is fairly advanced for binary [14, 15, 16, 17] as well as for ternary systems [18, 19] .
In these studies, the solid phase fractions are assumed to be the ones predicted by the equilibrium phase diagram at the invariant temperature. This allows the determination of the magnitude of the composition boundary layers at in [27, 28] . Eutectic cells have been studied theoretically and numerically in [29] and [30] , respectively.
The theoretical development for multi-variant eutectic reactions have mainly been centered around ternary monovariant eutectics. An attempt to extend the JH-type calculations to explain monovariant eutectics leads to an underdetermined system where the number of unknowns (for describing the magnitude of the solute boundary layers) exceed the equations (the equality of interfacial undercoolings at different solid-liquid interfaces). This marks a departure from the theories of invariant eutectics [17, 18, 19] , where there are enough equations as unknowns to render the system consistent.
McCartney et al. [31] are the first to circumvent this difficulty by introducing an additional constraint relating the magnitude of the composition boundary layers of the two independent components assuming the solid phase fractions to be given by the equilibrium phase diagram.
The under-determined nature of the problem of ternary monovariant eutectics urge a reduction in the number of the unknowns in the problem by expressing them as functions of the solid phase volume fractions. Thus, the solid phase fractions are no longer determined by the equilibrium phase diagram but by the growth dynamics. The dynamic selection of solid phase fractions during growth being an experimental fact valid for invariant and noninvariant eutectics alike, prompted several theoretical studies which attempt to understand eutectic solidification dynamics as functions of solid phase fractions. Donaghey and Tiller [32] calculate the composition fields in the liquid as functions of the solid phase fractions for binary as well as ternary systems, which are then utilized by Ludwig and Leibbrandt [33] to demonstrate the dependence of interfacial undercoolings on solid phase fractions, but for binary systems only. Magnin and Trivedi [34] Here, the solid phase fractions are determined from the criterion of equal undercoolings at the two solid-liquid interfaces. A more rigorous extension is provided recently by Senninger and Voorhees [37] , where they take into account the composition variations of both the solid phases.
Although, our work shares a similar spirit in this aspect, we present an alternate derivation. One of the major differences is that we relate the deviations of the phase compositions to the departures of the diffusion potentials and temperature and thereby the functional dependence between the variations of the solid and liquid compositions is more elegantly retrieved. Secondly, our theory is applicable for any generic multi-phase eutectic growing with a lamellar arrangement which is in contrast to the work of Senninger and Voorhees [37] , who limit themselves to twophase growth. In addition, we verify our analytical calculations with phase-field simulations considering model symmetric alloys as well as a Ni-Al-Zr alloy. In all the studies mentioned above, the effect of solute diffusivities in modifying the selection of solid phase fractions have not been explored. We explore this aspect using our phasefield simulations as well as analytical calculations.
Analytical theory

The Jackson Hunt calculation
In order to motivate our present work let us re-visit the main results of the classical Jackson-Hunt analysis as detailed in [17] , for deriving the undercooling vs spacing relationships for two-phase growth in a binary alloy. The situation is modeled by considering a repeating representative unit of two phases α and β growing in a directional solidification set-up where the imposed temperature gradient (G) at the interface traverses with a velocity V, that sets the rate of solidification. The undercooling at each interface can be written as,
where, c ν B represents the average composition in the liquid in local equilibrium with the ν-th phase and c We start by writing the composition profiles as a Fourier series with amplitudes that are determined from the condition that the composition profiles obey both the governing equation and the Stefan condition. A corresponding generic analysis for invariant eutectic growth in multicomponent systems is laid out in [19] , where expressions for all the amplitudes apart from the zeroth order mode (representing the boundary layer) can be determined from the inverse Fourier transform. In order to understand the difficulty in determining the amplitude of the zeroth order, we first inspect the expression obtained by performing an inverse Fourier transform of the same, written as, one can solve this problem of invariant growth for a multicomponent system as in [19] , where it has been shown to agree well with experiments as well as phase-field simulations.
For the mono-variant reaction however, for instance in a two-phase growth in a ternary alloy, there would be two boundary layer compositions, whereas the equality of a common undercooling imparts only a single equation, thereby the system of equations become under-determined.
The system of equations can only be made deterministic by invoking the functional dependence of the boundary layer compositions on the phase compositions and the solidfractions. This motivates our present derivation, which in spirit unifies the theories of in-variant and multi-variant eutectic growth.
Theory
The following discussion is generic to a directionally solidifying multi-component alloy of K components (with K − 1 of them being independent), displaying a eutectic reaction with N solid phases, possessing a degree of freedom given by F = K − N . Though, we present the theory assuming independent diffusion of solutes in the liquid (no diffusion in the solid), it can be considered to be representative of a system with non-zero off-diagonal terms in the diffusivity matrix, when such an analysis is carried out in the basis system of the eigenvectors of the diffusivity matrix. In the following discussion, the indices i and j are reserved for solutes, while ν and p denote the solid phases appearing due to eutectic solidification. Assuming a flat interface, the composition variation in the liquid is of the form [19] ,
where,î = √ −1, and k n = 2πn/λ, are wavenumbers characterizing the variation of solute concentrations in the liquid across a solid-liquid interface aligned along x with the eutectic solids growing in z. Conformity of Eq. 2 to the stationary form of the diffusion equation given below,
leads to,
where D ii denotes the diffusivity of the ith component and Thus, the volume fraction of a particular phase p, denoted by η p , can be calculated from a single wavelength of the eutectic lamellae as,
where,
The mass balance across a particular location at the solid-liquid interface for the ν-th unit can be written as,
with ∆c Eq. 7 over an entire period (λ) of the eutectic, leading to,
where, l i = 2D ii /V , is the diffusion length associated with the i-th component. For the mode corresponding to n = 0, Eq. 8 yields for the i-th component,
It is beneficial to define average compositions in front of a particular phase p as,
which allows us to re-express Eq. 9 as,
Similarly, the average interfacial composition in the solid 
The theory in [19] following that of Jackson & Hunt [17] provides an expression for c pl i , which has the form,
where, each of one of the k infinite series' It must be mentioned at this point that the term I 0 represents the principal term determining the liquid compositions c pl i at the flat interface, with the secondary influence being due to that of the higher order modes averaged over the lamellar widths denoted by the final term in the RHS of Eq. 13. An example of such a term for a ternary monovariant eutectic [19] ,
The average undercooling (∆T p ) ahead of a particular solid (p)-liquid (l) interface is given by,
where, m 
where, θ pm is the angle made by the tangent to the solid(p)-liquid(l) interface and the horizontal towards the side of the p-th phase when located adjacent to the m-th phase, and averaged over all such contiguous arrangements of the solid phases m and p in the entire period.
The fact that the imposed thermal gradient has a length scale much larger than the lamellar width, implies the growth of all the eutectic solids at equal undercoolings, which can be expressed as,
Also, the sum of volume fractions of the phases in a single period of the lamellae must be equal to unity,
Here, one needs to solve the Eqs. 11, 13, 16, 18 and A point to note here is that, Senninger and Voorhees [37] , replace the Eqs.11 with a mass conservation con- , respectively. This results in a set of linear equations which can be solved for, consistently.
Linearized Theory
We express the average compositions in the solid (c 
and,
where, ∆µ Employing Einstein's indicial notation which conveys summation over repeated indices (except for p in our analysis, which denotes a particular phase), the above equations can be written as,
Thus, the difference in the average compositions of the solid and the liquid as obtained from Eqs. 20, 21, 22 and 23,
where, to obtain the last equality expressed in indicial notation, we have used, 
The RHS of Eq. 32 (or Eq. 13), is in general non-linear in ∆µ p j , ∆η p and ∆T p . Thus, to express ∆µ p j as an explicit function of ∆η p and ∆T p , we linearly expand each term in the RHS of Eq. 32 starting with I 0 , given by,
where, µ 
At this point we introduce the following quantities (no sum over p),
to express Eq. 33 in indicial notation as,
with m and j being the indices representing phases and components respectively, which are summed over. The second term in the RHS of Eq. 32, being only a second-order correction to the interfacial liquid composition is assumed to be a function of 1/η p only, with all the other quantities evaluated at the conditions prevailing at the eutectic. This simplifying assumption is necessary to maintain tractability of the equations. Thus, writing,
we re-write the linearized version of Eq. 32 indicially, as,
and, p is the index which represents a particular solid phase and is not summed over in Eq. 41 as well as in the following equations. The quantities enclosed in square brackets in the RHS of Eq. 41 represent terms obtained by linearizing the individual terms in the RHS of Eq. 32.
Eq. 41 can be re-written to express the diffusion potentials as a function of the interfacial undercoolings and solid phase volume fractions as,
where, a summation over the index m runs from 1, · · · , N leaving out p. So, Eq. 43 represents a system of N (K − 1) equations which relates the N (K − 1) ∆µ p i 's to ∆η p 's and ∆T p 's. To describe this dependence, we utilize the linearity of Eq. 43 to write an explicit relation of the form,
where, R 
where v is an index running over the phases 1, · · · , N and is summed over along with the other phase index m. The index j denoting the components is also summed over while i continues to represent a particular component. 
Linearizing the RHS of the above equation about equilibrium quantities and employing Eq. 45 leads to,
where κ * p is obtained by evaluating Eq. 17 for η * p . The three terms each enclosed in square brackets in the RHS of the above equation contain the constants, and the terms linear in ∆T m and ∆η m respectively. We now impose Eq. 18 on Eq. 47 to re-express it in terms of ∆T and ∆η p 's, as follows, • Using the equality of the liquid compositions obtained from the earlier steps we derive expressions of the diffusion potentials as functions of undercoolings and changes in solid phase fractions.
• Substituting for the liquid compositions using the and thereby eliminate the undercoolings from the relation in Eq. 44. A similar approach has been used by Senninger and Voorhees [37] . We have tried this out as well and the results from both approaches are comparable. This completes our theoretical derivation of generic multi-component multi-phase eutectic growth. In the following section, we validate our theory against phase-field simulations of invariant and mono-variant eutectic growth.
Phase field model
Following [38] , the grand potential functional(Ω) can be expressed as, 
where Λ is calculated to ensure N m=1 φ m = 1 at every mesh point in the simulation domain. τ is the relaxation constant with its value set based on the criterion stated in [38] and [39] to obtain a diffusion controlled interface motion.
In this model,
represents the driving force for a transformation of phase m to p, with the grand-potentials of the individual phases given by,
All the grand-potentials of the participating phases (Ψ p )'s at any particular point in the simulation domain are interpolated to obtain Ψ as,
The gradient energy density (a(φ, ∇φ)) in the absence of interfacial energy anisotropy can be written as,
where, γ mp is the m − p interfacial energy, and q mp is the normal vector to the m − p interface, written as,
The surface potential w(φ) is given by,
∞, elsewhere where = {φ | N m=1 φ m = 1 and φ m ≥ 0}, γ mp is the surface entropy density and γ mpn is a term added to maintain the solution at an mp interface strictly along the two phase interface.
The evolution of µ is expressed as,
where i and j iterate over the (K − 1) independent components.
[ · ] denotes a matrix of dimension ((K − 1) × (K − 1)) while { · } represents a vector of dimension (K − 1).
The anti-trapping current J at,i has a sense and magnitude which nullifies solute trapping at the solid-liquid interface and is determined by the expressions given in [39] .
The atomic mobility, M ij (φ) is obtained by interpolating the individual phase mobilities as,
where the individual phase mobilities are given by,
where D p ij are the solute inter-diffusivities in the p-th phase and g p (φ) are interpolants given as,
The composition fields are obtained as functions of µ and φ as,
with the molar V m is taken to be a constant across all the components.
Results: Two-solid phases in a ternary system
In this section we employ both the analytical and phasefield models described above to study the solidification of two solid phases in a ternary alloy and compare the predic- 
consistently. In general, η α + η β = 1 and we compute the normalized volume fractions,
obeying η * α + η * β = 1 and serving as values of the volume fractions about which linearization is performed.
Symmetric system
To isolate and understand the effect of differences in solute diffusivities on the eutectic growth dynamics, we select a system where the equilibrium phase compositions 
Unequal α-liquid and β-liquid interfacial energies
Here we probe the effect of unequal surface energies on the steady-state monovariant eutectic growth dynamics while retaining the symmetry in the phase compositions and the liquidus slopes from the system just discussed.
The interfacial energies are so chosen such that θ αβ = 30 However, for the case of unequal diffusivities, an inference from the phase-field simulations can be seen in Fig. 6 where we notice a tilt in the lamellar arrangement with respect to the growth direction.
We note that this tilt is not an "instability" that occurs beyond a spacing as has been reported during two and three-phase growth [41, 42] , rather is a growth mode that is selected, which has also been found in previous three-phase growth simulations although due to different conditions [7] .
Clearly, this is a prediction that is impossible to derive from the theoretical calculations that we present in this paper, and is certainly a limitation of the applicability of such calculations. More elaborately, in order for the theoretical predictions to be effective, one must have the information about the steady-state growth mode that is either derived experimentally, or through simulations.
One of the reasons for the αβγ configurations to tilt is 
Conclusions
In this study, we derive an analytical theory to deter- lamellar eutectics for a generic multi-component, multiphase alloy. While our work bears similarities to the recently published work of Senninger and Voorhees [37] which is particular for two-phase growth, our work gives a generic prescription for treating any given multi-phase, multi-component alloy and in this respect can be seen as an extension of the previous work in [19] . A principal point in our theoretical calculations is that we treat the multi-variant and invariant eutectic reactions alike, by expressing the boundary layer compositions as functions of the respective state variables, which for our derivation are the diffusion potentials, the phase fractions and the undercooling. This allows us to solve the system of equations self-consistently for the un- Thus we expect the match between the two methods w.r.t the predictions of the phase fractions and phase compositions to be the best for situations where the interfacial shapes of the phases are similar. Furthermore, we note in passing that while the theoretical expressions are generic in the spirit in which they have been derived, the existence of a steady-state lamellar growth mode needs to be ascertained through either phase-field simulations or experiments, before applying the results.
Secondly our study clearly highlights the importance of understanding the dependence of phase fractions on the diffusivity matrices. Changes in volume fractions can be associated with microstructural changes during two-phase growth(lamellar to rod), and many further possibilities during three-phase growth as seen in [43, 44] . Therefore, dependence of the volume fractions on the diffusivity matrices needs to be accounted for in order to derive a better understanding of pattern formation during bulk eutectic growth in multi-phase systems.
